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For any group G and G-graded ring R, there exists a ring S=R # G*, defined analogously to 
the smash product of R with the dual of the group ring for finite G, such that the categories of 
unital S-modules and G-graded R-modules are isomorphic. The category of unital S-modules is 
equivalent to the category of A-modules for a ring A with identity if and only if S is finitely 
generated as an S-S bimodule. Finally the category isomorphism is applied to obtain a charac- 
terization of the graded Jacobson radical for infinite G. 
Introduction 
The main result of this paper is that for any group G and any G-graded ring R, 
there exists a ring S (without identity if G is infinite) such that the categories of 
graded R-modules and unital S-modules are isomorphic. We relate S to recent work 
of Menini and Nastasescu [9] by showing that a nondegeneracy condition of [9] on 
the graded ring R holds if and only if S is finitely generated as a bimodule over itself. 
Also S is a finitely generated S-S bimodule if and only if the category of graded R- 
modules is equivalent to the category of fSf-modules where f is an idempotent in S. 
Finally we apply the category isomorphism of graded R-modules and unital S- 
modules to the graded Jacobson radical of R, improving a characterization of 
Bergman. 
When G is finite, our ring S reduces to the smash product R # k[G]* used in [5]. 
When G is infinite, however, the results of Menini and Nastasescu, and a counter- 
example of Bergman [4] show that neither the ring R # k[G]’ nor the ring R # G of 
[I I], being rings with identity, will yield the same results. 
1. Preliminaries 
Throughout G will denote a group with identity e. A ring R is called G-graded 
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if R=@_o R, and R,R, c Rgh for all g, h E G. If R,R,, = Rgh for all g, h E G, then 
R is called strongly G-graded. 
An element r of R is called homogeneous of grade g and written r=rg if r E R,. 
Every element is then the sum of its homogeneous components. 
A left R-module M is called G-graded if M= 0,. o Mg and RgMh C Mgh . An 
ideal of R is called homogeneous or graded if it is a graded R-submodule of R. 
Further details on graded rings may be found in [lo]. 
2. The ring R # G* 
We begin by defining a generalization of the smash product associated to a G- 
graded ring R for a finite group G. 
Definition 2.1. For R a G-graded ring, let R # G* be the free left R-module on the 
generators R8, g E G. Elements rp,, sph multiply by 
crPg )bPh ) = 'sgh - 'Ph 
and multiplication of sums of such elements is then defined by linearity. Note that 
the pg form a set of orthogonal idempotents. (One might view pg as a left R-module 
map from the group ring RG to R with p,(g) = 1 and pg(h)=O for h Zg.) 
It is easy to check that this definition yields an associative ring. If G is finite, then 
C,, o pg is an identity element in R # G* and R # G* is an R-algebra. Also, for 
finite G, R # G* is the same as the smash product R # k[G] * of [5] and the ring 
R # G of [l 11. For G infinite, R # G* is the essential ideal BxeG Z?p(x) of R # G. 
We show that R # G* is a ring with local units in the sense of [l] or [2]. 
Definition 2.2 (Anh and Marki [2]). Let A be a ring. A is said to have local units 
if every finite subset of A is contained in a subring of the form WA w where w is 
an idempotent in A. 
Proposition 2.3. R # G* is a ring with local units, and the idempotent w in Defini- 
tion 2.2 may be chosen to be a finite sum of elements r?, . 
Proof. Let T= {x1,x2, . .. , xn} be a finite subset of R #G*. Since elements of 
R # G* are sums of elements of the form rpg where r is homogeneous, we may 
assume that each Xi = ripg, with rj homogeneous of grade hi. Define a subset L of 
G by 
L={gEG:g=gj for some i or g=higi for some i} 
A generalization of the smash product 221 
and let w= CgeLpg. Then w = w2 and it is straightforward to check that for 
i=l ,...,n, WXiW=Xi. 0 
Recall that a left A-module M is called unital if AM=M. 
Corollary 2.4 (cf. Anh and Marki [2]). A left R # G*-module Mis unitai if and only 
if for every finite subset T of M, there exists w = CgCL pg, L a finite subset of G, 
such that wx =x for all x in T. 
Proof. First suppose that M is unital. Then each m in T may be written as 
m = C F= 1 yimi with yi E R # G *, mi E M. Let T’ be the finite subset of R # G * of the 
elements yi which occur in these sums. Then by Proposition 2.3, there is a finite 
subset L of G such that wy = y for all y in T’ where w = CgEL pg. Thus wm = m for 
all m in T. 
Conversely, suppose that for every finite subset T of M, there exists an idem- 
potent w E R # G* such that wm = m for all m in T. Then for m EM, take T= {m}, 
and m=wmE(R#G*)M. Cl 
Corollary 2.5. Every submodule of a unital left R # G*-module is unital. 
Proof. This follows directly from Corollary 2.4. 0 
Note that unital right modules are defined analogously and similar statements to 
Corollaries 2.4 and 2.5 hold. 
We now show that the categories of unital left R # G*-modules and graded left 
R-modules are isomorphic. Let R # G*-Mod denote the category of unital left 
R # G *-modules and R # G *-module homomorphisms. As in [lo], let R-gr denote 
the category of G-graded left R-modules with morphisms the R-module homo- 
morphisms that preserve grading, i.e. the R-module homomorphisms @ such that 
@(M,) c (G(M)), for M in R-gr. 
Now let M be a unital left R # G*-module. M can be viewed as a G-graded 
left R-module M’ in the following way. Define Mi to be p,M. Then for g#h, 
MinM;=O since if xeM;nML, x=p,x=p,(p,x)=O. If mtzM’, then since Mis 
unital, m = wm where w= CgeL ps, L a finite subset of G by Corollary 2.4. There- 
fore m=wm=(C,SLpg)mE CgCLMi. 
If reR and mEMi, define rm=(rp,)m. Then if reR,, mEM;,, 
&h (rm) =Pgh((vh )m) = (t&h )kPh )jrn 
= (rghh-lph)m = (rph)m = rm, 
so that rm E M;h . It is then easy to check that (rs)m = r(sm). 
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Also ( )’ takes morphisms in R # G*-Mod to morphisms in R-gr. For if @ is an 
R # G*-module homomorphism from A4 to P, then 
@‘(m,) = @(Pgm) =Ps@(m) =(@(m)),, 
so that @’ preserves G-grading. Also, since m = ( CgEL p,)m for some finite L C G, 
8’(rm)=~((~~TPp)m)=~~rpxe(m)=r~‘(m), 
and @’ is an R-module homomorphism. 
Conversely, every G-graded left R-module may be considered as a unital left 
R # G*-module in the following way. Let N be a left G-graded R-module and let 
N” be N with the following left R # G*-module structure. For n EN” define 
Since 
(rp,)n = rng . 
= (rssh ‘Ph )n = (bg)@Ph )b9 
this action gives N” an R # G*-module structure. Also, since for n EN, n = cf= i ns,, 
we have n = (xi= 1 p& E (R # G*)N so that N” is a unital R # G*-module. Sup- 
pose 0 is a morphism in R-gr with @ mapping N to Q. Then 9” maps N” to Q” and 
V((rp,)n) = @O-n,) = @(n,) = r($(n))g = (rRs)(V(n)). 
Therefore @” is a morphism in R # G*-Mod. 
We have now proved most of the following theorem: 
Theorem 2.6. R # G*-Mod and R-gr are isomorphic categories. 
Proof. It only remains to check that (M’)“=M for ME R # G*-Mod and (N”)‘= N 
for NE R-gr. 
If M is in R # G*-Mod, then 
(rp,)(m’)“=r(m’),=r(p,m)=(rp,)m, 
and M= (M’)“. Similarly (N”)’ = N. 0 
A similar argument shows that the categories of right modules, Mod-R # G* and 
gr-R, are isomorphic. 
Note that the requirement that the category of R # G*-modules consist of unital 
modules is necessary. For suppose H is any subgroup of G. Then the inclusion 
R # H* c R # G * induces an R # H*-module structure on any unital R # G *-module 
M. This R # H*-module structure need not be unital however; we know that a 
G-graded R-module need not have an induced H-graded module structure for every 
subgroup H of G. 
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In their recent paper [9], Menini and Nastasescu define a G-graded ring R to be 
left affine if there is a category equivalence between R-gr and A-mod, the category 
of modules for some ring A with identity. They then prove that R is left affine if 
and only if various equivalent conditions hold, in particular a nondegeneracy condi- 
tion on R which we list as (i) in the following proposition. This nondegeneracy con- 
dition can be interpreted in terms of R # G*; we obtain the following: 
Proposition 2.1. For G a group and R a G-graded ring, the following conditions are 
equivalent : 
(i) There exists a finite subset F of G such that for all g E G, 
(ii) R # G* is finitely generated as a bimodule over itself. 
(iii) There exists an idempotent w in R # G* such that R # G*-Mod is equi- 
valent to w(R # G*)w-mod, the category of modules over the ring with identity 
w(R # G*)w. 
Proof. We show that (i) = (ii) * (iii) * (i). 
(i) = (ii). Suppose (i) holds. We will show that R # G* is generated by the finite 
set {pf: f-l E F} as a bimodule over itself. From (i), for all ge G, there exist 
x(f,j)ERgf, y(f,j)~R~~~~ I, feF,j=l,...,t, such that 
1 =fcFj~lxlf,j)Yw). 
E 
Then 
C (xcf,Apf~~)(yUj)p,J 
> 
for all g E G, 
and thus (ii) follows from (i). 
(ii)* (iii). If (ii) holds, then R # G* has a finite generating set of the form 
{ph: h E H}, H a finite subset of G. Let w = ChEHph, an idempotent in R # G*. 
Then (R # G*)= (R # G*)w(R # G*), and by [2, Proposition 3.51 or [l, Corollary 
4.31, the categories R # G*-Mod and w(R # G*)w-mod are equivalent. 
(iii)*(i). By Theorem 2.6, R-gr is isomorphic to R # G*-Mod, and so, if (iii) 
holds, R-gr is equivalent to w(R # G*)w-mod. Therefore R is left affine in the sense 
of [9], and (i) follows from [9, Theorem 2.21. 0 
If G is finite, then R-gr is isomorphic to R # G*-mod; here the set Fin (i) may 
be chosen to be G. If R is strongly G-graded, then R-gr is equivalent to R,-mod; 
here choose F= {e}. However R # G*-Mod need not always be equivalent to A-mod 
for A a ring with identity. For example, if R = k[t], the polynomial ring over a field 
k, graded by Z, then (i) cannot hold for any finite subset of Z [9, Remark 2.41. 
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3. An application to the graded Jacobson radical 
Recall that for A any (graded) ring, a left A-module Mis called (graded) irreduci- 
ble if AM=M and A4 has no (graded) A-submodules other than (0) and M. The 
graded Jacobson radical of R, denoted JG(R), is the two-sided graded ideal of R 
which can be defined in any of the following equivalent ways: 
Definition 3.1. JG(R) is defined to be: 
(i) The set of elements of R which annihilate all G-graded irreducible left (or 
right) R-modules [4, lo]; 
(ii) The intersection of all left (right) ideals of R maximal in the set of graded left 
(right) ideals of R [lo]; 
(iii) The largest homogeneous ideal J of R such that Jn R, c J(R,) [4]. 
It is easily verified that the group G acts as a group of ring automorphisms on 
R # G* on the left by g(rph) = rphg-I and on the right by (rRh)g = r&a. Note that in 
either case, if G is finite so that R is a subring of R # G*, then R = (R # G*)‘. 
Otherwise (R # G*)‘= (0). 
We can now prove the analogue of [5, Theorem 4.11. 
Theorem 3.2. J(R # G *) = JG (R) # G *. 
Proof. First, we show that J(R # G*) is included in JG(R) # G*. Suppose x = 
Cy= 1 ripg,E J(R # G*). Since J(R # G*) is a two-sided ideal, riRs,E J(R # G*) for 
i=l , . . . , n. Therefore it suffices to show that rpge J(R # G*) implies r is in JG(R). 
Note that since J(R # G*) is G-stable, rpg E J(R # G*) implies rph E J(R # G*) for 
all h in G. To show that r is in JG(R), we show that r annihilates all graded ir- 
reducible left R-modules. 
Let N be a graded irreducible left R-module. Then N” is a unital left R # G*- 
module and is irreducible by Corollary 2.5 and Theorem 2.6. Therefore for any 
n=n”~N” and for all gEG, 
(rp,)n”=O=m,. 
Therefore r annihilates N and r is in JG(R). 
Conversely, let x= C:= 1 rjpg, be an element of JG(R) # G*; since JG(R) is G- 
graded, we may assume that each ri is homogeneous. Let M be an irreducible (and 
therefore unital) left R # G*-module. Then M’ is a graded irreducible left R-module 
and is thus annihilated by each ri. Thus, for each i, 15 isn, 
r&$, = 0 = ripg, At, 
and x annihilates M. 0 
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Corollary 3.3. JG(R) fl R, = J(R,). 
Proof. Since p,(R # G*)p, = R, # {e} * = R,, it follows that 
J(K) = J(p,(R # G*)A) 
=p,(J(R#G*))p, by [8, Theorem 1.3.31 
=p,(JG(R) # G*)p, by Theorem 3.2 
=(J&R)),# {e}*=J&R)nR,. 0 
Corollary 3.4 improves Bergman’s characterization (Definition 3.1 (iii)) of the 
graded Jacobson radical. 
Corollary 3.4. JG(R) is the largest homogeneous ideal J of R such that Jfl R,= 
JUG). 
Proof. This follows immediately from Corollary 3.3. 0 
Recall that the G-grading on R is called nondegenerate (see, for example, [5]), if 
(rR), = (0) or (Rr), = (0) for some r E R, implies r = 0. 
Corollary 3.5. If the G-grading on R is nondegenerate, then R, is semisimple if and 
only if R is graded semisimple, i.e. Jc(R) = (0). 
Proof. From Corollary 3.3, R graded semisimple implies R, is semisimple. Suppose 
then that J(R,) = (0) so that JG(R)fl R,= (0). But then note that [5, Lemma 2.5 
and Lemma 2.81 hold for any grading group G, and it follows immediately that 
J,(R) = (0). 0 
Note that Theorem 3.2 does not hold if we adjoin an identity element to R # G* 
to obtain the ring R # G of [ll]. For then, using Quinn’s notation, suppose 
J(I? # G) = (JG(R))- # G, a quasi-regular ideal of R” # G. Now we may argue as in 
[6]. Clearly JG(R) L R fl J(l? # G) so that if x E JG(R), 1 +x is invertible in E # G. 
But l?#G=l?@(@,,d l?p(x)) implies that 1 +x is invertible in R. Thus JG(R) is 
a quasi-regular ideal of R, and we have JG(R) c J(R). 
However, in general this inclusion does not hold. In [4], Bergman gives two 
examples where the inclusion J(R)C JG(R) is strict. In particular, in the following 
example from [4], J(R)c J,(R) even though R is strongly G-graded. Let C be a 
commutative domain with J(C) # (0). Let R = C(X) be the group ring of C over Z 
graded in the usual way. Then, since C has no nil ideals, J(C(X)) = (0) [12, Proposi- 
tion 2.11, but Jz(R) = J(C)(X) by Corollary 3.4. 
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